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The seesaw mechanism of neutrino mass generation is analysed under the following assumptions: (1) minimal 
seesaw with no Higgs triplets, (2) hierarchical Dirac masses of neutrinos, (3) large lepton mixing primarily or solely 
due to the mixing in the right-handed neutrino sector, and (4) unrelated Dirac and Majorana sectors of neutrino 
masses. It is shown that large mixing governing the dominant channel of the atmospheric neutrino oscillations 
can be naturally obtained and that this constrained seesaw mechanism favours the normal mass hierarchy for the 
light neutrinos leading to a small Us3 entry of the lepton mixing matrix and a mass scale of the lightest right 
handed neutrino M ~ 10^" — 10^^ GeV. Any of the three main neutrino oscillation solutions to the solar neutrino 
problem can be accommodated. The inverted mass hierarchy and quasi-degeneracy of neutrinos are disfavoured 
in our scheme. This talk is based on the work 111. 



1. INTRODUCTION 

In this talk, I discuss how phcnomcnologi- 
cally viable neutrino masses and mixings can be 
generated within the framework of the the see- 
saw mechanism of neutrino mass generation, con- 
strained by the following set of assumptions: 

(i) Three generation SU{2) l x U{\) model with 
the addition of three right-handed neutrino fields, 
which are singlets under SU (2) l x U[1). No Higgs 
triplets are introduced and thus the effective mass 
matrix for the left-handed Majorana neutrinos is 
entirely generated by the seesaw mechanism, be- 
ing given by 

rriL = -moMj^^mJ) , (1) 

where mu and Mn denote the neutrino Dirac 
mass matrix and the Majorana mass matrix of 
right-handed neutrinos. 

(ii) The neutrino Dirac mass matrix mo has 
a hierarchical eigenvalue structure, analogous to 
the one for the up-type quarks. 

(iii) Charged lepton and neutrino Dirac mass 
matrices, mi and m^, are "aligned" in the sense 
that in the absence of the right-handed mass Mji, 
the leptonic mixing would be small, as it is in the 
quark sector. In other words, we assume that the 
left-handed rotations that diagonalize mi and mo 



are the same or nearly the same. We therefore 
consider that the large lepton mixing results from 
the fact that neutrinos acquire their mass through 
the seesaw mechanism. 

(iv) The Dirac and Majorana neutrino mass 
matrices are unrelated. 

2. GENERAL FRAMEWORK 

Under our assumptions, in the basis where the 
mass matrix of charged leptons has been diago- 
nalized, the effective mass matrix of light neutri- 
nos can be written as 

'^u^^n^ rUumcM^^^ mumtM^^^ \ 
mumcM^2 '^1^22 mcVritM^^ (2) 
mumtM^^ mcmtM2'^ m^M^^ J 

Here = [M'^)~^ , where is the mass ma- 
trix of the right handed neutrinos in the basis 
where the neutrino Dirac mass matrix m^ is di- 
agonal, and m„, mc and mt are the eigenvalues of 
m£). For our numerical estimates we take them 
to be equal to the masses of the corresponding 
up-type quarks, but for our general arguments 
their precise values are unimportant. The mass 
matrix has to be compared with the phc- 
nomcnologically allowed neutrino mass matrices. 
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Consider first the direct neutrino mass hierarchy 
1711,1712 <C 1713 . Assuming that 623 — 45° which is 
the best fit value of the Super-Kamiokande data 
and taking into account that the CHOOZ ex- 
periment indicates that 613 <C 1 , one can show 
that niL must have the approximate form W 



niL = ma 



l + S-5' 
1 - S 




(3) 



where k, e, e' , S and S' are small dimcnsionless pa- 
rameters. Comparing (||) and (||), one concludes 
that the following relations should hold, in lead- 
ing order: 

ml M2~/ = TO? ^^-1 ^ ^^^^ ^-1 

These relations seem to indicate that in order to 
obtain the form of Eq. (||), strong correlations 
are required between the eigenvalues of tod and 
the entries of (M|j)~^, in apparent contradiction 
with our assumption (iv). However, in fact there 
is no conflict. Obviously, the form of (M|j)~^ 
depends on the basis one chooses. We have 
defined in the basis where to^i is diagonal, 
i.e. have included into its definition the right- 
handed rotation arising from the diagonalization 
of mij. Therefore {M'j^)~^ contains information 
about the Dirac mass sector, and Eq. ^ is not 
necessarily in conflict with our assumption (iv). 
This assumption has to be formulated in terms of 
weak-basis invariants. What should be required 
is that the ratios of the eigenvalues of (Af^)^^ 
should not be related to the ratios of the eigen- 
values of m£). 

In order to see how the phenomenologically 
favoured form of can be achieved without con- 
trived fine tuning between the parameters of the 
Dirac and Majorana sectors, let us first consider 
the two-dimensional sector of tol in the 2-3 sub- 
space, which is responsible for a large 623- We 
shall write the diagonalized Dirac mass matrix 

dian 

nijj as 



dian 



mtdiagip'^q, p, 



1), p^nic/mt 



iTiumt/ml 



0.4. 



10"^ 
(5) 



The 2-3 sector of (M'j^) ^, in order to lead to 
the 2-3 structure of Eq. (|^) (with all elements 



approximately equal to unity up to a common 
factor), should have the following form: 



cx 



1 p 

p p2 



(6) 



The eigenvalues of the matrix in Eq. (^) are 
and and thus by choosing the pre- factor 

to be const/ (l+p^) one arrives at the matrix M]^^ 
of the desired form with p- and ^-independent 
eigenvalues. It turns out to be possible to find a 
3x3 matrix (Af^)~^ with p- and q-independent 
eigenvalues, whose 2-3 sector generalizes (||) so 
as to obtain the realistic form of to^ in (^) with 
5,6' ^Og: 



with 



Se 




where = cos (f), s^ — sin < 



(7) 



(8) 



arctanp, and 




(9) 



The dimcnsionless parameters a, /5, 7 and r in (^) 
do not depend on p and q. Eqs. (Q) - (||) yields 
the following mass matrix for the light neutrinos: 



niL 



2Ml+p^ 



/2 2 

q p 1 



q'p{(3- 
q' (a - 



- ap) 



q'p {(3 ~ ap) 
1 - r/4p2 
1 - r/4p2 



q' {a + I3p) 
1 - r/4p^ 
1 + 3r/4p2 



(10) 



Here q' = q\/l + p^ — q- Thus, we have obtained 
TOi of the desired form, while abiding by our as- 
sumptions. The particular case of the neutrino 
mass matrix of the form ( p^ ) with /? = 7 = r = 
(which allows only the vacuum oscillations solu- 
tion of the solar neutrino problem) was obtained 
ini. 

Comparison of Eqs. (^ and ( p^ ) allows one to 
express the parameters of the phenomenological 
mass matrix of light neutrinos k, e, e' S and S' 
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in terms of the parameters of the mass matrix of 
the right handed neutrinos a, /3, 7 and r and the 
parameters of the Dirac mass matrix mt, p and q. 
The largest eigenvalue of the matrix in (10) 



TO3 



M 1 



M 



(11) 



It scales as rather than as usually expected 



It has to be identified with Ar 



(2 



6) X 10-3 eV^, which gives M ~ 10^° - 10" GeV, 
i.e. an intermediate mass scale rather than the 
GUT scale. 

3. INVERTED MASS HIERARCHY 
AND QUASIDEGENERACY 

Direct inspection of the neutrino mass tex- 
tures that lead to the inverted mass hierarchy 
ma <ti mi ~ TO2 and the quasi-degenerate case 
with mi ~ m2 ~ show that all of them ex- 
cept one do not satisfy our assumptions (i)-(iv) 
|l). In particular, for these textures it is impos- 
sible to have both traces (Ai + A2 + A3) and 
second invariants (A1A2 + A1A3 + A2A3) of the 
corresponding matrices (M'j^)^^ to be p- and q- 
independent (here A^ {i — 1,2,3) are the eigen- 
values of (Afjj)-^). The remaining texture cor- 
responds to the mass matrix of the heavy sin- 
glet neutrinos with the following eigenval- 
ues: two singlet neutrinos are almost degener- 
ate with Ml ~ Af2 ~ 10*^ GeV; the third mass 
eigenvalue turns out to be well above the Planck 
scale: M3 ~ 10^^ GeV, clearly not a physical 
value. Thus, this case of the inverted mass hier- 
archy is ruled out as well. 

4. DISCUSSION 

We have shown that the seesaw mechanism, 
supplemented by the set of assumptions listed in 
the Introduction, leads to phenomenologically vi- 
able mass matrices of light active neutrinos. The 
mixing angle 623 responsible for the dominant 
channel of the atmospheric neutrino oscillations 
can be naturally large without any fine tuning. 

We have found that all three main neutrino 
oscillations solutions to the solar neutrino prob- 
lem - small mixing angle MSW, large mixing an- 



gle MSW and vacuum oscillations - are possible 
within the constrained seesaw. The numerical ex- 
amples of the requisite values of the parameters 
of the Majorana mass matrix Afjj. of singlet neu- 
trinos are given in |l[. 

Although the constrained seesaw mechanism 
allows to obtain a large mixing angle ^23 in a 
very natural way, it does not explain why 623 
is large: the largeness of this mixing angle is 
merely related to the choice of the inverse mass 
matrix of heavy singlet neutrinos, Eq. (0) - (||). 
However, once this choice has been made, the 
smallness of the mixing angle ^13 which deter- 
mines the element Ue3 of the lepton mixing ma- 
trix can be readily understood. For the case of 
the normal mass hierarchy mi , m2 <C m3 the 
value of 9i3 can be expressed in terms of the 
entries of the effective mass matrix rriL in Eq. 
(|) as sin6'i3 ~ (e e')/2V2 [§. One then finds 
sin 6*13 ~ g(a-K2/3p)/2\/2 ~ ga/2\/2~ 0.14a, as- 
suming f3 <C ap~^ ~ 100a. Since all the solutions 
of the solar neutrino problem require |a| < 1 in 
order to have small enough Amg Q, the small- 
ness of 6*13 follows. 

The seesaw mechanism we have studied natu- 
rally leads to the normal neutrino mass hierarchy 
while disfavouring the inverted mass hierarchy 
and quasi-degenerate neutrinos. For LMA and 
SMA solutions of the solar neutrino problem, the 
masses of the heavy singlet neutrinos are of the 
order 10^° - 10" GeV. For the VO solution, the 
lightest of the singlet neutrinos has the mass of 
the same order of magnitude, whereas the masses 
of the other two are ~ lO^^ _ xqis GeV. 
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